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We study dynamics of a test charged particle moving in a weakly charged extreme
Kerr throat. Dynamical equations of the particle motion are solved in quadratures. We
show explicitly that the Killing tensor of the Kerr spacetime becomes reducible in the
extreme Kerr throat geometry. Special types of motion of particles and light are discussed.
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1. Introduction
In this paper, we study motion of charged particles and light in a throat of the
extreme Kerr metric. Such a model is an idealization. However, it allows one to
simplify many calculations. On the other hand, it gives better understanding of the
near horizon physics for rapidly rotating black holes. The motivation for this study
is the following. One expects that most of the astrophysical black holes are rapidly
rotating. Even if the angular momentum of a collapsing progenitor star is small,
the falling matter of the accretion disk can spin up the formed black hole.1,2 If the
mass of the accretion disk is large enough, such a black hole of massM may become
practically extreme, with the angular momentum J = Ma ≈ M2. The radiation
from the disk slightly restricts the limiting value of the rotation parameter, so that
a/M ≈ 0.998.3 The recent astrophysical observations confirm that at least some of
1
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the black holes are rapidly rotating.4
The geometry of the extreme Kerr throat was recently discussed in connection
with the Kerr/CFT correspondence (see, e.g., Ref. 5 and references there in). This
approach is motivated by the fact that the limiting geometry of the throat of the
extreme Kerr metric generates a non-singular vacuum solution with an enhanced
symmetry group SL2(R) × U(1), which is similar to AdS2 × S2 metric. To obtain
this limiting geometry one uses the procedure proposed by Bardeen6 and developed
in the paper Ref. 7.
One can generalize the consideration to the case of extreme black holes in the
Einstein-Maxwell theory. For example, one can use the exact solution for a rotating
black hole with electric charge (the Kerr-Newman metric8) and for a rotating black
hole in the external homogenous field (the Melvin solution9,10). In this paper, in
order to include electromagnetic effects we use a weak field approximation. This
approximation allows one to simplify calculations considerably. At the same time,
it can be validated in many applications. The charge-to-mass ratios for particles are
usually very large, so that the test electromagnetic field may affect their motion even
if its gravitational effect on the background geometry is weak (see, e.g., Refs. 11,
12, 13).
This paper is organized as follows: In Section 2 we discuss a weakly charged and
magnetized black hole and the reduction of its geometry and fields in its throat in the
extreme Kerr limit. We demonstrate that, as a result of the reduction, the original
Killing tensor of the Kerr spacetime becomes reducible. Equations of motion for
charged particles and light in the extreme Kerr throat are derived in Section 3. We
study the radial equation of motion in Section 4. The angular equation of motion
for some special cases is discussed in Sections 5 and 6. Section 7 contains a brief
summary. In this paper we use the sign conventions adopted in Ref. 14 and units
where G = c = 1.
2. Weakly Charged Extreme Kerr Throat
2.1. Kerr black hole in weak electromagnetic field
The Kerr metric in the Boyer-Linquist coordinates x˜µ˜ = (t˜, r˜, θ˜, φ˜) reads
ds˜2 = g˜µ˜ν˜dx˜
µ˜dx˜ν˜ = −Σ∆
A
dt˜ 2 +
Σ
∆
dr˜2 +Σdθ˜2 +
A
Σ
(
dφ˜− 2aMr˜
A
dt˜
)2
sin2 θ˜ , (1)
where
Σ = r˜2 + a2 cos2 θ˜ , ∆ = r˜2 − 2Mr˜ + a2 , A = (r˜2 + a2)2 − a2∆sin2 θ˜ . (2)
This metric describes a Kerr black hole of the mass M and the angular momentum
J = aM , where 0 ≤ |a| ≤ M . The Kerr metric possesses two commuting Killing
vectors
ξµ˜
(t˜)
= δµ˜
t˜
, ξµ˜
(φ˜)
= δµ˜
φ˜
, (3)
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and the Killing tensor
K˜ µ˜ν˜ = a2 sin2 θ˜ ξµ˜
(t˜)
ξν˜(t˜)+2a ξ
µ˜
((t˜)
ξν˜
(φ˜))
+
1
sin2 θ˜
ξµ˜
(φ˜)
ξν˜
(φ˜)
+δµ˜
θ˜
δν˜
θ˜
−a2(1+cos2 θ˜)g˜µ˜ν˜ . (4)
The Killing tensor is presented in a form that is more convenient for our purposes,
which differs from the standard one, corresponding to the Carter constant, by an
additional term −a2g˜µ˜ν˜ .
In a Ricci flat spacetime, a Killing vector obeys the same equations as an electro-
magnetic potential for the source-free electromagnetic field in the Lorentz gauge.15
Using the Killing vectors in the Kerr spacetime, we have
Aµ˜ =
(
aB − Q
2M
)
ξµ˜
(t˜)
+
B
2
ξµ˜
(φ˜)
. (5)
For such a choice, the parameter B represents the strength of the test magnetic
field, which is uniform and homogeneous at the spatial infinity, where it is directed
along the axis of rotation of the black hole. The parameter Q is the electric charge
of the black hole,
Q =
1
4π
∫
σ
Fµνdσµν . (6)
Here σ is a 2D surface surrounding the black hole. We assume that the electric and
magnetic fields are weak in the sense that their effect on the spacetime curvature
near the black hole horizon r˜ = r+ = M+
√
M2 − a2 is negligible, i.e., the following
conditions hold
|Q| ≪ r+ , |B| ≪ 1/r+ . (7)
It was shown by Carter16 that a rotating black hole immersed into a homoge-
neous magnetic field acquires a non-vanishing chemical potential. As a result, in
the presence of free charged particles, their accretion will charge the black hole
until the condition Q = 2aMB is satisfied. Another effect, which might generate
a non-vanishing charge of the black hole, is the difference in the accretion rate for
electrons and protons of the surrounding plasma in the presence of radiation from
the accreting matter. The ratio of the electrostatic force to the gravitational one for
a particle of massm and charge q in the field of a charged black hole is qQ/mM . One
can expect that Q/M cannot be significantly greater than m/q (see, e.g., Ref. 15).
We shall not specify the value of Q in our work and keep it as a free parameter.
2.2. Weakly charged extreme Kerr throat
The extreme Kerr black hole corresponds to |a| = M . Consider the following coor-
dinate transformation:6
t˜ = τM/λ , r˜ =M(1 + λρ) , θ˜ = θ , φ˜ = φ+ τ/(2λ) . (8)
The limit λ→ 0 gives the geometry of the extreme Kerr throat,7
dσ2 = (1 + cos2 θ)
[
−ρ
2
4
dτ2 +
dρ2
ρ2
+ dθ2
]
+
4 sin2 θ
1 + cos2 θ
(
dφ+
ρ
2
dτ
)2
, (9)
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where dσ2 = M−2ds˜2. The throat horizon is at ρ = 0. The limiting metric (9) has
four Killing vectors,7
ξµ(1) = δ
µ
τ , ξ
µ
(2) = δ
µ
φ , ξ
µ
(3) = τδ
µ
τ −ρ δµρ , ξµ(4) =
[
τ2
2
+
2
ρ2
]
δµτ −τρ δµρ−
2
ρ
δµφ . (10)
The symmetry group generated by these Killing vectors is SL2(R)× U(1).
In the same limit, the 4-potential (5) takes the form
Aµ =
Q
4M
ξµ(2) . (11)
It is easy to check that
[ξ(2), ξ(i)] = 0 , i = 1, 2, 3, 4 . (12)
It means that the vector-potential (11) remains constant along the orbits of the
Killing vectors,
Lξ(i)A = 0 , i = 1, 2, 3, 4 . (13)
The form of the 4-potential implies that in the extreme Kerr throat only the field
produced by the charge Q survives. This is a manifestation of the well known prop-
erty of rapidly rotating black holes: The flux lines of the axisymmetric magnetic
field are expelled in the extreme limit and the black hole behaves as a perfect
diamagnetic.17 In this sense, one can see the emergence of the Meissner effect in
the extremely rotating black holes (as well as branes).18
2.3. Reduction of the Killing tensor
As a result of the limiting process, the symmetries of the extreme Kerr throat metric
are enhanced. In particular, the symmetry which is hidden in the Kerr spacetime be-
comes an explicit spacetime symmetry. Applying the transformation (8) and taking
the limit λ→ 0 of the Killing tensor (4) we derive
Kµν =
4
ρ2
δµτ δ
ν
τ − ρ2δµρ δνρ −
4
ρ
δ(µτ δ
ν)
φ + δ
µ
φδ
ν
φ . (14)
Using the Killing vectors (10) we can present this Killing tensor as follows:
Kµν = 2ξ
(µ
(1)ξ
ν)
(4) − ξµ(3)ξν(3) + ξµ(2)ξν(2) . (15)
Thus, the Killing tensor (4), responsible for the hidden symmetries, becomes re-
ducible in the extreme Kerr throat geometry (see also Refs. 19, 20 ).
Using the commutators for the Killing vectors (10), one can show that
[ξ(1), ξ(2)] = 0 , Lξ(1)K = Lξ(2)K = 0 . (16)
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3. Equations of Motion
In this section we analyze dynamics of both massive charged particles and light
(photons) moving in a weakly charged extreme Kerr throat. To deal with these two
cases simultaneously, we write the dynamical equations in the form
u˙µ = εfµ . (17)
For the light motion ε = 0, so that the right hand side vanishes. In this case the
‘dot’ means the (covariant) derivative with respect to an affine parameter ℓ and
uµ = dxµ/dℓ. For a massive particle with mass m and charge q, the ‘dot’ denotes
the (covariant) derivative with respect to the proper time σ, uµ = dxµ/dσ and
ε ≡ uµuµ = −1 . (18)
We also denote
fµ = − q
m
Fµνu
ν . (19)
The electromagnetic field tensor Fµν = Aν,µ−Aµ,ν is calculated for the 4-potential
(11).
The commuting set of the symmetry generators (ξ(1), ξ(2),K) can be used to
construct the following integrals of motiona:
E ≡ −ξµ(1)Pµ , L ≡ ξµ(2)Pµ , K ≡ KµνPµPν − L2 . (20)
Here
Pµ = uµ − εq
m
Aµ = (τ˙ , ρ˙, θ˙, φ˙− εb) , b = qQ
4mM
. (21)
For a massive particle, Pµ is the generalized specific momentum per unit mass,
whereas for a massless particle Pµ = uµ. The first constant of motion E corresponds
to energy, the second one L corresponds to the generalized azimuthal angular mo-
mentum, and the third one K is analogous to the Carter constant. The integrals
of motion (20) are in involution. Let us emphasize that the integrals of motion E
and L are the ‘throat’ analogues of the energy E = −ξµ(τ)Pµ and the generalized
angular momentum L = ξµ(φ)Pµ of the original Kerr spacetime. Namely, applying
the transformation (8) to E and L we derive
E˜ = λE(λ) +
1
2
L(λ) , L˜ = L(λ) , (22)
where
lim
λ→0
E(λ) = E , lim
λ→0
L(λ) = L . (23)
a For the electromagnetic potential obeying the condition (13), the quantities ξµ
(3)
Pµ and ξµ(3)Pµ
are also conserved. For our purpose, it is sufficient to use instead of them the integral of motion
K, which is in involution with E and L.
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Using the conserved quantities and the 4-velocity normalization we derive the
system of the first order equations for the particle motion in a weakly charged
extreme Kerr throat,
τ˙ =
2(Lρ+ 2E)
ρ2(1 + cos2 θ)
, (24)
ρ˙ = ± (4E
2 + 4ELρ−Kρ2)1/2
1 + cos2 θ
, (25)
θ˙ = ± (A(1 + cos
2 θ) sin2 θ + 2B sin2 θ − 4L2)1/2
2 sin θ(1 + cos2 θ)
, (26)
φ˙ =
Lρ(cos4 θ + 6 cos2 θ − 3)− 8E sin2 θ
4ρ sin2 θ(1 + cos2 θ)
+ εb , (27)
where
A = (L − 4εb)2 + 4ε , B = 3L2 + 2K − 16ε2b2 . (28)
According to the Liouville theorem, this system of equations is completely inte-
grable. Thus, the problem of the particle motion can be reduced to one of quadra-
tures. In particular, for the particle motion in the (ρ, θ) sector one has∫ ρ
ρ0
dρ′√
4E2 + 4ELρ′ −Kρ′2
= 2
∫ z
z0
dz′√
A(1 − z′4) + 2B(1− z′2)− 4L2 , (29)
where ρ0 and z0 are initial values of ρ and z, z = cos θ. The following conditions
must hold:
4E2 + 4ELρ−Kρ2 ≥ 0 , (30)
A(1− z4) + 2B(1− z2)− 4L2 ≥ 0 , (31)
Lρ+ 2E > 0 . (32)
Here the last condition means that the 4-velocity vector uµ is future directed, or,
what is the same, local energy Eloc of the particle is positive:
Eloc = τ˙ ρ
2
(1 + cos2 θ)1/2 =
Lρ+ 2E
ρ(1 + cos2 θ)1/2
> 0 . (33)
4. Radial motion
To analyze the radial motion of the particle we consider equation (25). According
to this equation, the radial region of motion is defined by the inequality (30)
4E2 + 4ELρ−Kρ2 ≥ 0 . (34)
The equality sign corresponds to a point where ρ˙ = 0, which defines a turning point.
The relation (34) implies that either E ≤ E−, or E ≥ E+, where
E± = ρ
2
(
−L±
√
L2 +K
)
. (35)
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This expression is real for K ≥ −L2. If this condition does not hold, there are no
turning points. However, we may have orbits of constant ρ. Such orbits, which are
unstable, are defined by K = 0, E = 0, and L > 0. The local energy of the particle
moving in a marginally stable orbit ρ = const ≥ 0 is positive. In the case of turning
points, according to the condition (33), we must exclude E−.
Assume now that K ≥ −L2, and define an effective potential for the radial region
of motion as follows:
V+(ρ) := E+ ≡ ρ
2
(
−L+
√
L2 +K
)
. (36)
The radial region of motion is possible for E ≥ V+(ρ). A turning point corresponding
to the energy E is given by
ρE =
2E
K
(
L+
√
L2 +K
)
. (37)
The local energy (33) is minimal at the turning point, and one has
Eloc|ρ=ρE =
√L2 +K
(1 + cos2 θ)1/2
> 0 . (38)
Thus, in the case of turning points we must have K > −L2.
The effective potential (36) is positive if either L < 0,K > −L2, or L ≥ 0,K > 0;
it is zero if L ≥ 0,K = 0, and it is negative if L > 0, 0 > K > −L2. Figure
1 illustrates the behavior of the effective potential and the radial motion of the
particle.
A test particle can have the following types of the radial motion. If the effective
potential is positive, energy of the test particle must be positive. In this case the
Fig. 1. A schematic illustration of the effective potential V+. Line 1 illustrates positive effective
potential. A test particle has positive energy E ≥ V+. Its motion has turning point at ρ = ρ1.
Line 2 illustrates negative effective potential. If V+ < E ≤ 0 the particle motion has turning point
at ρ = ρ2. If the effective potential is zero and energy of the particle is positive, there are no
turning points, and if energy of the particle is zero, the particle moves in a marginally stable orbit
of ρ = const ≥ 0.
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particle always falls down to the horizon, either from the spatial infinity or after it
is reflected by the potential barrier at the turning point. If the effective potential
vanishes and energy of the test particle is positive, the particle either escapes to the
spatial infinity or falls down to the horizon. If energy of the test particle vanishes,
the particle moves along a marginally stable orbit of ρ = const ≥ 0. Finally, if
the effective potential is negative, the particle has negative energy, it goes to the
spatial infinity, directly or after it is reflected by the potential barrier at the turning
point. If the particle energy is zero, the particle has formally a turning point at the
horizon. If the particle has positive energy, it either escapes to the spatial infinity
or falls down to the horizon.
5. Polar equations for null rays
To analyze the polar motion, we consider equation (26). We first study the case of
massless particles (ε = 0). The motion is possible when
[3− 6z2 − z4]L2 + 4K(1 − z2) ≥ 0 , (39)
where z = cos θ. The equality sign corresponds to θ˙ = 0, which defines a polar
turning point. One can see that for L = K = 0 there exist orbits with θ = const.
Expression (33) implies that for such orbits E > 0. In this case there are no turning
points in the radial region of motion, and the corresponding orbits lie in a cone
θ = const. Such orbits define the principal null-congruences of the extreme Kerr
throat. A particular case of this motion is the motion along the axis of rotation
Fig. 2. A schematic illustration of the effective potential Φ+. Line 1 illustrates the effective
potential for K < 0. A photon has angular momentum L ≥ Φ+. Its motion has turning points at
z = ±z−. For L = 2
√
|K|/3 the photon orbit lies in the equatorial plane z = 0. Line 2 illustrates
the effective potential for K > 0. A photon has angular momentum 0 ≤ L ≤ Φ+. Its motion
has turning points at z = ±z+. If L = 0 the photon has turning points at the poles z = ±1. If
K = 0, the effective potential is zero. In this case photons which have L > 0, have turning points
at z = ±z0, and photons which have L = 0, from the principal null-congruences z = const.
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θ = 0 or θ = π.
We can introduce a polar ‘analogue’ of the radial effective potential,
Φ±(z) := ±2
√
K(1− z2)
z4 + 6z2 − 3 . (40)
A polar turning point occurs at L = Φ±. The effective potential diverges at z20 =√
3(2 − √3) ≈ 0.464, which corresponds to θ = θ0 ≈ 0.821 or θ = π − θ0. There
are two regions: (1) 0 ≤ |z| ≤ |z0|, where K < 0 and L ≤ L−, or L ≥ L+, and (2)
|z0| < |z| ≤ 1, where K > 0 and L ∈ [L−,L+]. The values θ0 and π − θ0 define
the turning points of the orbits corresponding to K = 0 and L 6= 0, which pass
through the equatorial plane θ = π/2. The polar motion of a photon is symmetric
with respect to the reflection L → −L. Thus, without loss of the generality, we can
take L ≥ 0. The behavior of the effective potential for the polar motion of a photon
is illustrated in Fig. 2.
The photon has the following types of the polar motion: (1) A motion in the
equatorial plane, which corresponds to L = ±2
√
|K|/3. This is the minimum of
the effective potential with K < 0. Thus, the equatorial polar motion is stable;
(2) An oscillatory motion about the equatorial plane with the turning points at
z = ±z− < z0 for K < 0, at z = ±z0 for K = 0, and at z = ±z+ > z0 for K > 0.
In the last case the photon can reach the poles θ = 0 and θ = π, if L = 0. (3) The
photon can move in an orbit confined to a cone θ = const, if L = K = 0.
To get a full picture of a photon motion one has to consider the combination of
its motion in the radial and in the polar regionsb. According to the analysis of the
radial motion presented in the previous section, we see that if the photon always
falls down to the horizon, its orbit is either confined to the equatorial plane, if
L = −2
√
|K|/3 and K < 0, or it oscillates between the maximal and the minimal
values of θ. In particular, if L = 0 and K > 0, it can reach the poles during such
oscillations. If the photon can escape to the spatial infinity or to fall down to the
horizon (there are no turning points in the radial region of motion), its orbit is
confined to a cone θ = const, if L = K = 0, or it oscillates between the minimal
θ = θ0 ≈ 0.821 and the maximal θ = π − θ0 values of θ. Additional details of the
photon motion are discussed in the caption to Fig. 2.
6. Polar equations for massive charged particle
For a massive particle (ε = −1) the following relation must be valid:
[3− 6z2 − z4]L2 + 8b(1− z4)L+ 4[K− 1− z2 − 4b2(1 − z2)](1 − z2) ≥ 0 . (41)
The polar equation (26) is invariant under the reflection b → −b, L → −L. Thus,
without loss of the generality we can make b ≥ 0.
bOne needs to include the motion in the azimuthal φ-direction as well. After solving the equations
in the (ρ, θ) sector, one can obtain τ(σ) and φ(σ) by direct integration.
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Since the problem contains many free parameters, a detailed analysis of different
special cases is quite involved. Here we consider only two interesting cases: the
motion along the rotation axis, and the equatorial motion. The first case is trivial.
Using equation (26) we find that the motion along the rotation axis θ = 0 and θ = π
corresponds to L = 0 and K = 2.
Let us now discuss the equatorial motion. Equation (26) can be written as (z =
cos θ)
z˙2 = −U(z) , U(z) := A(z
4 − 1) + 2B(z2 − 1) + 4L2
4(1 + z2)2
, (42)
where U(z) is the angular effective potential. The equatorial plane θ = π/2 corre-
sponds to z = 0. It is a solution of the equation if U(0) = 0. This gives
3L2 + 8bL+ 4K− 16b2 − 4 = 0 . (43)
This solution is stable if the following condition holds:
U ′′(0) ≥ 0 . (44)
This condition can be written in the form
3L2 + 2K− 16b2 ≥ 0 . (45)
Eliminating K, we can present the conditions (43) and (45) in the (L, b)-space as
follows:
3L2 − 8bL− 16b2 + 4 ≥ 0 . (46)
I
III
IV
IIa
IIbA
B1
1
2
b
L
A '
-1.0 -0.5 0.0 0.5 1.0
-4
-2
0
2
4
Fig. 3. Equatorial motion. The left and the right lines 1 are the solutions of the equation 3L2 −
8bL − 16b2 + 4 = 0. In regions IV and IIa,b the equatorial motion is unstable. Curve 2 separates
two regions of the parameters L and b. In region I, above this curve, V+(ρ) < 0, while in region III,
below the curve, V+(ρ) > 0. The equatorial instability develops at the critical value of b = ±
√
3/4
corresponding to L = ±1/√3, see points A and A′; L = 0 corresponds to b = ±1/2. Point B is the
intersection of the curves 1 (the right branch) and 2, where b = 31/4/(2
√
2) and L = √2/31/4. The
region IIa corresponds to unstable equatorial motion and infinite motion in the radial direction.
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When b = 0, this condition is always satisfied, i.e., the equatorial orbits are stable.
For b 6= 0, only orbits corresponding to sufficiently large values of |L| are stable.
The regions of stability and instability are shown in Fig. 3.
Let us now consider the combination of the radial and polar motion. The radial
effective potential corresponding to the motion along the axis of rotation is
V+(ρ) =
ρ√
2
. (47)
It is positive in the region outside the horizon ρ > 0. Thus, energy of a massive
charged particle is positive, E > 0, and the particle always falls down to the horizon
(see Fig. 1).
Using expressions (36) and (43) we derive the radial effective potential corre-
sponding to the equatorial motion
V+(ρ) =
ρ
4
(√
(L − 4b)2 + 4− 2L
)
. (48)
The radial effective potential can be positive or negative. If it is positive, a massive
charged particle always falls down to the horizon (see Fig. 1). If it is negative, a
massive charged particle of negative energy E < 0 always escapes to the spatial
infinity. The radial effective potential (48) is non-positive, if the following condition
holds:
3L2 + 8bL− 16b2 − 4 ≥ 0 , L > 0 . (49)
Curve 2 in Fig. 3 illustrates the zero valued effective potential. In the region above
the curve the radial effective potential is negative.
7. Conclusion
In this paper, we studied the motion of massless and massive electrically charged
particles in a weakly charged extreme Kerr throat. An interesting feature of the
extreme Kerr throat is that the Killing tensor of the Kerr spacetime becomes re-
ducible. It means that in the throat the hidden symmetry becomes explicit. We
analyzed the radial and the polar equations of motion and demonstrated that the
black hole electric charge does not change qualitatively the types of the motion of
test particles in the radial direction. However, the charge can have significant effect
on the motion of an electrically charged particle in the polar direction. In particular,
for b = qQ/(mM) >
√
3 the equatorial motion of the particle may become unstable.
This result possibly reflects a simple fact that the electrostatic repulsion becomes
comparable to the gravitational attraction. It might be interesting to study this
instability when a/M slightly differs from 1.
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